Let B = {Bt)t>0 be a standard Brownian motion. For c > 0, k > 0 , let
Introduction and summary of results
Let / = (f0,/,,... ) be a martingale on a probability space (Q, ¿rf , P), and d = (d0, dx, ...) its difference sequence: d0 -f0 and dn -fn-fn_x for n > 1 . A martingale / = (f0, fx, ... ) is conditionally symmetric if dn and -dn have the same distribution given d0, ... , dn_x for any n > 1. Any dyadic martingale is conditionally symmetric. An even more special example of a conditionally symmetric martingale is simple random walk. We say (Sn)n>0 is a simple random walk of step ô > 0 starting at a, if X0 = a and Sn = Y?i=qX,■' where (Xn)n>x is a sequence of independent identically distributed random variables with P(XX = ±ô) = \ . For any stopping time T of (S ) >0, the sequence / = (SnAT)n>0 is a conditionally symmetric martingale, where a Ab -min(a, b). We use Mn(f) and f* to denote maxi<nfi and max/<n \f\ respectively. Note that \Mn(f)\ < f*. We sometimes use Mn to stand for K(f)-For p > 1, let q -p/(p-\) be the conjugate of p . Recall Doob's inequality [V] .
Theorem A. Let f = (f0, fx, ■■■) be a martingale, then for p > 1, n > 1, ilCii"<*ii/j,-It is well known that q is the best constant since it is clearly the best constant in Hardy's inequality, a special case, see for example, Chatterji [4] . Thus, it would be interesting to know whether q is still the best possible constant for conditionally symmetric martingales. The analogue of Theorem A for a continuous time martingale is the following: Theorem B. Let f = (ft)t>0 be a continuous time martingale with right-continuous paths. If T is any stopping time of f such that (fTM)t>0 is uniformly integrable, then for p > 1, ll>?ll,<flll/rll,-It would be interesting to know whether this inequality is sharp for Brownian motion, hence for general continuous time martingales.
We will give positive answers to all of the above questions. In order to state the results of this paper, we introduce some notation.
Let S = (Sn)n>0 be a simple random walk of step 1 starting at 0. We define Thus, the best constant for Doob's general martingale maximal inequality is also the best constant for conditionally symmetric martingales and Brownian motion. This is similar to the behavior of the best constants in the Burkholder inequalities for martingale transforms [3] . In contrast, the constants in Burkholder's square-function inequalities for general martingales [1] are not the same as the best constants for conditionally symmetric martingales or Brownian motion, although for the last cases they are the same. See Davis [6] and Wang [11] for details.
The proof of Theorem 1
It is well known that (see Chung [5] , for example), for some integer c > 0 and all m, P(Sn = cm i.o.) = 1.
In particular, if A: is a positive real number, then
Hence N(c, k) < co a.e. Before proving the rest of the theorem, we state a lemma that shows the relationship between N(c,k) and N*(c,k). So they have the same distribution. Thus Nx < oo a.e. Hence, We omit the proof since it is similar to Lemma 1. The reader should notice that T(c,k) and T(c,k) have the same distribution.
Because Brownian motion can be approximated by simple random walks of small steps starting at 0, it is natural that the above results should be able to extend to T(c, k) and T*(c, k). First note that Theorem 1 still holds for simple random walks of step size ô starting at 0. For a positive integer j, we shall follow a well-known procedure to approximate Brownian motion by a simple random walk of step size 1/7 starting at 0. We need to show only that for any 1 < c < q , (6) ll^-(,,fc)llP>^IV(c,.)ll,> (7) follows. This completes the proofs.
